We give an explicit characterization of all minimal value set polynomials in F q [x] whose set of values is a subfield F q ′ of F q . We show that the set of such polynomials, together with the constants of F q ′ , is an F q ′ -vector space of dimension 2
Introduction
Let q be a power of a prime p, and for any non-constant polynomial F ∈ F q [x], let V F = {F (α) : α ∈ F q } be its value set. Since F has no more than deg F zeroes, one can easily show that V F satisfies
where ⌊t⌋ is the greatest integer ≤ t, and |S| denotes the cardinality of the set S. If |V F | attains the lower bound in (1), then F is called a minimal value set polynomial. Throughout this text, a polynomial of this kind will be referred to by the abbreviation m. v. s. p.. In 1961, motivated by a generalization of the Waring's problem modulo p, the authors of [1] characterized m. v. s. p. 's of degree < 2p + 2. They also remarked that for any polynomial F ∈ F q n [x], with 0 < deg F ≤ (q n −1)/(q− 1) and V F ⊂ F q , the polynomial G = F a , where a|(q − 1), is an m. v. s. p. in F q n [x] (see [1, Section 5] [1] would be unlikely to exist.
In the first part of this paper (section 2), we extend the work of Mills in two ways. First we characterize m. v. s. p. 's over F q of degree √ q + 1; second we show that, up to composition with degree one polynomials, there is a unique m. v. s. p. in F q [x] of degree ≤ √ q for a given set of values.
Despite the remarkable work of Mills in [5] , which provides a great deal of information on m. v. s. p. 's, there exists no complete solution to the following fundamental problem: The second part of this work is built around these questions and is organized as follows: In Section 4 we will provide a complete solution to this problem in a special but very important case: when S = F q ′ is a subfield of F q . The general case is treated in Section 3, where we show how the work of Mills imposes some very restrictive and necessary conditions on S. For the sets S satisfying such conditions, in Section 5 we will be able to provide a partial answer to the question of the existence of m. v. s. p. 's with S as its set of values and give a lower bound to the number of such polynomials. As a by-product of our constructions, we show that m. v. s. p. 's other than the ones expected by Mills do exist: a simple example being the polynomial F = x q 4 +q − x q 3 +1 in F q 6 [x], which is addressed in Section 6. The characterization of special classes of polynomials over finite fields, and the determination of its cardinal number are fundamental theoretical problems, which are not only worthy of study in their own right, but also because of their applications. Our interest in investigating m. v. s. p. 's is related to its potential application to the construction of new curves with many rational points, the characterization of certain Frobenius non-classical curves and the construction of elliptic curves over F q (t) with many integral points. The study connecting special aspects of such polynomials and the aforementioned applications is being handled in companion papers.
Notation: Throughout the text, q will denote a power of a prime p.
Preliminaries
The content of this section is mostly based on [5] , from where a large amount of notations and results are borrowed. Therefore, we believe that some familiarity with Sections 1 and 2 of that paper would be desirable for our reader.
We begin by pointing out that m. v. s. p. 's F with |V F | ≤ 2 do not fit in the general pattern and were handled separately in [1] . Mills [5] proved the following important result that presents necessary conditions for a polynomial F ∈ F q [x] with |V F | > 2 to be an m. v. s. p. and encloses other valuable information about such polynomials.
be a polynomial of positive degree. Let V F = {γ 0 , γ 1 , · · · , γ r } be its set of values, and let l i be the number of distinct roots in F q of the polynomial F − γ i . Let γ i be arranged in such way that 
Proof. See [5, Theorem 1].
As a consequence of this theorem, Mills presented the following characterization of all m. v. s. p. 's over F q of degree ≤ √ q.
Then F is an m. v. s. p. if and only if F is of the form
where L is a polynomial that factors into distinct linear factors over F q and that has the form
where v and k are integers such that v|(p k − 1), q is a power of p k , and α, β, γ and the ϕ i are elements of F q .
Proof. See [5, Theorem 2] .
In the following result, we show how Theorem 2.1 can also be used to extend Mills' characterization to the case of degree √ q + 1. 
Thus r = p n/2 − 1 and
. Therefore n/2 divides mk, and since mk ≤ n (implicitly given by (2) and (4)) we have that either mk = n/2 or mk = n. If mk = n, then v = p n/2 + 1 and (2) gives
Since deg F = p n/2 + 1 and deg L ≥ 1, we have that α := N p n ∈ F * q and L = x + β for some β ∈ F q . We set γ := γ 0 and obtain
as desired. If mk = n/2 then v = 1, and we will show that such case does not occur. In fact, we suppose it does occur and use (2) to write
This implies that either (i) L and N are polynomials of degree 1; or (ii) deg L = p n/2 + 1 and N is constant.
If we assume that L and N have degree 1, then F − γ 0 = LN p n/2 has all of its roots defined over F q . Since L = gcd(F − γ 0 , x q − x) has degree 1, it follows that F − γ 0 cannot have two distinct roots. Therefore L|N, and this contradicts Theorem 2.1.
If we assume that (ii) is true, then F − γ 0 has p n/2 + 1 distinct roots over F p n . For all 0 ≤ i ≤ r, recall that in Theorem 2.1 it is assumed that l 0 ≤ l i . Therefore, F − γ i also has p n/2 + 1 distinct roots over F p n . This implies that [5] .
Proof. This proof uses notations and results of [5] . Item (i) follows directly from Lemmas 2 and 3 in [5] . In fact, since
, which proves the "only if" part of (i). The other part of (i) follows from the fact that F i is not a p-power; that is F ′ i = F ′ = 0, which can be read off Theorem 2.1. Lemma 2 in [5] also gives L i ∤ H i which, together with Lemma 3 in [5] , implies (ii).
As remarked in footnote 1, given a ∈ F * q , b ∈ F q and a non-constant polynomial F , the polynomials F and G := F (ax + b) have the same set of values. In what follows, we will show that any two m. v. s. p. 's of degree ≤ √ q and with the same value set are related in this way.
1 It is worth mentioning that if
The polynomials F 1 and F 2 will be referred to as affine compositions of F .
Proof. Without loss of generality, we may assume
implies F = αL v + γ 0 and so F − γ = 0 has d distinct roots for all γ ∈ {γ 1 , γ 2 , · · · , γ r } = V F \{γ 0 }, and by Lemma 2.4.(i), all such roots lie in F q . Therefore, if n is the number of times G(λ) assumes γ 0 as λ ranges over F q then the number N of F q -solutions to
which contradicts the main result (Theorem 3.1) of [3] . This completes the proof.
The results in this section show that m. v. s. p. 's with degree ≤ √ q +1 are unique (up to affine compositions) if their set of values are fixed. However, this is far from the truth in the general case. As we will see in the following sections, the set of m. v. s. p. 's with a fixed set of values S can be quite large.
On m.v.s.p.'s with a given set of values
Our discussion of Problem 1 starts with the following criterion to decide whether or not a polynomial F is an m. v. s. p. with V F = S, for a given set S ⊂ F q . The following theorem, which can be read off the work of [1] and [5] , will be used to restate Problem 1 in terms of the polynomial T =
, and let S be a subset of F q . If |S| > 2 and T = γ∈S (x − γ), then the following are equivalent:
Moreover, θ = −T ′ (γ) for some γ ∈ S.
Proof. If F satisfies (B), then we clearly have V F ⊂ S, and thus |V F | ≤ |S|. Equating degrees in (10), we obtain |S| · deg
and thereby
which implies (A). That (A) implies (B) follows from Lemma 1 in [5] .
The fact that θ = −T ′ (γ), for some γ ∈ S, can be proved by differentiating both sides of (10) and using the fact that F ′ = 0.
Remark 3.1.1. Using Lemmas 1, 2 and 3 in [5] , one can actually prove that θ = −T ′ (γ i ) for all i = 0 (notation as in Theorem 2.1).
For our convenience, let us label the following assumption separable monic polynomial of degree > 2 which splits over F q (*) which will be used several times throughout the text. Definition 1. Let T be a polynomial satisfying (*). The set of T −m. v. s. p. 's over F q is defined to be
We will say that W(T |F q ) is non-trivial if it contains a non-constant element.
It follows from Theorem 3.1 that F is a T − m. v. s. p. over F q if either F = α is a root of T or F is an m. v. s. p. whose set of values is the set of roots of T . Therefore, our investigation on m. v. s. p. 's with given set of values can be done via the sets W(T |F q ) and we can deal with the following restatement of Problem 1:
How large is |W(T |F q )|? Can we determine the whole of W(T |F q )? Remark 3.1.2. Notice that, according to footnote 1, it suffices to solve Problem 1a in the case where x|T (x).
The following consequence of Theorem 2.1 points out a necessary condition for the non-triviality of the sets W(T |F q ), further restricting the class of polynomials T , as well as the sets S that can be the value set of an m. v. s. p.. , and elements γ, ω 1 , . . . , ω m ∈ F q such that
Proof. Let {γ 0 , . . . , γ r } be the set of roots of T . By Theorem 3.1, any nonconstant F ∈ W(T |F q ) is an m. v. s. p. with V F = {γ 0 , . . . , γ r } and r > 1. Therefore, F satisfies the hypotheses of Theorem 2.1. In particular, we can guarantee the existence of positive integers v, k and m, and elements ω 1 , . . . , ω m ∈ F q such that (3) holds. Our conclusion is just a restatement of (3) with γ = γ 0 .
Polynomials given by the right-hand side of (12) are called p k -additive polynomials and have been extensively studied (see [4, Section 3.4 
])
2 . As we will see, the class of additive polynomials plays a crucial role in the construction (and possibly in the complete characterization) of m. v. s. p. 's with a given set of values. Most notably is the following result which is a first step towards a proof of a partial converse to the previous proposition. 
Proof. For F ∈ W(A|F q ), we have
Thus F v ∈ W(T |F q ), by definition.
Propositions 3.2 and 3.3 indicate that a solution to Problem 1a in the particular case of p k -additive polynomials will provide a partial solution to the general problem. It turns out that whenever A is p k -additive polynomial satisfying (*), we are able to show that W(A|F q ) is non-trivial and find a lower bound for its cardinal number. This is accomplished in the following way:
For any p k -additive polynomial A satisfying (*), it is easily verified that the set W(A|F q ) is a finite F p k -vector space. In Section 5 we will use this extra structure to show that for any such A, there exist a polynomial x p kd − αx ∈ F q [x] satisfying (*) and a F p k -linear map φ : W(x p kd − αx|F q ) −→ W(A|F q ) with ker φ ⊂ F q . In particular, the non-triviality of W(A|F q ) and ultimately W(T |F q ), for T as in Proposition 3.3, will follow from that of W(x p kd −αx|F q ). The next section will be used to show that not only the sets W(x p kd − αx|F q ) are non-trivial, but that they can be described very explicitly.
Characterization of W(x
Let us start our study of the vector spaces W(x p kd − αx|F q ) by noticing that since x p kd − αx satisfies (*), it follows that q = (p kd ) n for some integer n ≥ 1 and that W(x p kd − αx|F q ) is isomorphic to W(x p kd − x|F q ). Therefore, it is sufficient to consider the set W(x q − x|F q n ). Observe that Theorem 3.1 implies that
since θ = −T ′ (γ) = 1, for some γ ∈ F q . Recall that deg T > 2 was required in the definition of W(T |F q ), and that was motivated by the condition r > 2 in Theorem 3.1. However, we want to stress that q = 2 will be allowed in (13), and the reason why this can be done is just one of the facts given by the following Lemma.
is non-constant with V F ⊆ F q , then the following are equivalent:
Proof.
• (1) =⇒ (2): In the notation of Theorem 3.1 we have T = x q −x, and the result will follow if q > 2. Assuming q = 2, we have
for some G ∈ F 2 n [x], and we claim that G = F ′ . In fact, differentiating both sides of (14) gives F ′ = G + (x 2 n − x)G ′ , and the result will follow if G ′ = 0. By hypothesis, we have ⌊(
and thus (14) gives deg G ≤ 2 n − 2; that is, deg xG ≤ 2 n − 1. So if G ′ = 0, then a monomial of G of odd degree, say αx 2t+1 , will give rise to a monomial αx 2 n +2t+1 on the right side of (14). But this will imply deg F > 2 n , contradicting (15). Therefore G = F ′ .
•
• (3) =⇒ (4): obvious.
Now we proceed to characterize the polynomials F ∈ W(x q − x|F q n ). We begin with the larger set of polynomials F over F q n satisfying
If we write F = m 1 + m 2 + · · · + m l , where m i are monomials of F with distinct degrees, then
In other words, if
is a permutation on M. Moreover, the following holds:
Proposition 4.2. Let F be a polynomial satisfying (16) and let M be the set of all monomials of F with distinct degrees. If g is a generator of
Proof. It is a routine check and we leave it to the reader.
The following simple but useful fact is a consequence of the previous result: Lemma 4.3. Let F be a polynomial satisfying (16). Then:
kq+1 is a monomial of F , then so ism = α 1/q x k+q n−1 .
Proof. Both cases follow directly from that fact that if m is a monomial of F , then so is m q n−1 mod (x q n − x).
Let O m denote the orbit of a monomial m = αx k of F by the action of Gal(F q n |F q ). Let s(m) denote the size of O m . Then
implies that for any m 0 ∈ O m , m 0 is defined over F q s(m) . This observation is the last ingredient in the characterization of the polynomials F over F q n satisfying F q ≡ F mod (x q n − x) and deg F ≤ q n − 1.
Proposition 4.4. Every F satisfying (16) can be written as
where
and m 1 , . . . , m e are certain monomials of F . Moreover, for all 1 ≤ i ≤ e, F i is defined over F q s(m i ) .
Proof. Pick a monomial m 1 of F . The orbit O m 1 is a set of distinct monomials of F . Let F 1 be the sum of all such monomials. If those are all the monomials of F , then we are done; otherwise we can pick a monomial m 2 of F not lying on the set O m 1 , and consider the polynomial F 2 , sum of the monomials in the orbit O m 2 . We keep repeating this process, and it is clear that we will finish it after a finite number of steps, let us say e steps. Now F = Remark 4.4.1. Notice that a polynomial F satisfies F q ≡ F mod (x q n −x) if, and only if, V F ⊂ F q . Therefore the previous result characterizes all polynomials F over F q n with V F ⊂ F q and deg F ≤ q n − 1.
The complete description of F ∈ W(x q − x|F q n ) will follow once we know what the monomials of such an F look like. The additional information, namely F q − F = (x q n − x)F ′ , will answer this question.
Lemma 4.5. For all F ∈ W(x q − x|F q n ), there exist polynomials A and B such that F = A + B and
Proof. Let A, B ∈ F q n [x] be such that F = A + B and A is formed by all the monomials of F of degree at least q n−1 . Note that Lemma 4.1. (3) implies
and after comparing degrees we have (a)
Combining (a) and (b), we obtain the desired result.
where a i ∈ {0, 1}.
Proof. We can certainly write
From (18) we clearly have a 0 ∈ {0, 1}. If a 0 = 0 then Lemma 4.3 implies that α q n−1 x k q is a term of F and then we fall into an equivalent problem with fewer variables a i . Therefore, we may assume a 0 = 1 and again Lemma 4.3 implies thatαx
is a term of F . The new termαx q n−1 +a n−1 q n−2 +···+a 2 q+a 1 gives a 1 ∈ {0, 1} and we repeat the process to reach a 2 . After at most n iterations, we find that all a i are either zero or one.
Before finishing the complete description of W(x q − x|F q n ), let us recall that s(m) denotes the size of the orbit of the monomial m by the action of Gal(F q n |F q ) as described in Proposition 4.2.
and only if, it can be written as a sum of polynomials of the form
where m ∈ F q s(m) [x] is a monomial and deg m = a n−1 q n−1 + a n−2 q n−2 + · · · + a 1 q + a 0 with a i ∈ {0, 1}.
Proof. That such an F ∈ W(x q −x|F q n ) can be written as sum of polynomials given by (19) is a consequence of Proposition 4.4 and Lemma 4.6. To prove the converse, we can use the fact that W(x q − x|F q n ) is an F q -vector space and just prove that the polynomials given by (19) lie in W(x q − x|F q n ). Let H be a polynomial given by (19). If deg H = 0 then H ∈ F q . Thus we may assume that deg H > 0. We know that H satisfies (16) and thereby
and Lemma 4.1. (4) implies H ∈ W(x q − x|F q n ).
4.1.
The dimension of W(x q − x|F q n ) Let g be a generator of Gal(F q n |F q ) and (a 0 , . . . , a n−1 ) ∈ {0, 1} n . Then the map given by g(a 0 , . . . , a n−2 , a n−1 ) = (a n−1 , a 0 , . . . , a n−2 ) defines an action of Gal(F q n |F q ) on the set {0, 1}
n . Let us identify the n-tuple (a 0 , . . . , a n−2 , a n−1 ) with the q-ary expansion of an integer k = a n−1 q n−1 + · · · + a 1 q + a 0 , and choose representatives k 1 , . . . , k b on each orbit of the set {0, 1}
n . For each i ∈ {1, . . . , b}, let d i be the size of the orbit O k i and
Proof. Theorem 4.7 implies that each V i ⊂ W(x q − x|F q n ). Also, it can be easily verified that V i is an F q -vector space and that
Notice that if k = a n−1 q n−1 +a n−2 q n−2 +· · ·+a 1 q +a 0 is identified with an n-tuple (a 0 , a 1 , . . . , a n−1 ) ∈ {0, 1} n , then the degree of (αx k ) q mod (x q n − x) is equal to a n q n−1 + a 1 q n−2 + . . . + a n−1 ; and, under the above identification, it is given by the cyclic permutation (a n−1 , a 0 , a 1 , . . . , a n−2 ).
Therefore the set of exponents of monomials of elements in V i is equal to the orbit of k i (identified with an n-tuple) by the action of Gal(F q n |F q ) on {0, 1}
n . This implies that all elements of V i will not share any monomial with any element in a distinct V j . Thus for all i,
Theorem 4.7 implies that every element of W(x q − x|F q n ) can be written as
Notice that by construction o(d) also counts the number of orbits of {0, 1}
is equal to the cardinality of the union of all orbits of {0, 1} n with size d. Since {0, 1} n can be partitioned into orbits of size dividing n, we conclude that
Proof. We leave the verification to the reader.
On the vector spaces W(A|F q )
Let A be a p k -additive polynomial satisfying (*). The aim of this section is to provide a method to construct non-constant elements of W(A|F q ), compute a lower bound for its dimension, and point out cases where this bound is sharp. As before, it is enough to consider the F q -vector spaces W(A|F q n ), where A is a q-additive polynomial.
The following two lemmas will be used to construct F q -linear maps φ :
As discussed briefly in the end of Section 3, we will take advantage of our understanding of W(
Let R(A) denote the set of roots of a polynomial A. Then R(A) is an F qvector subspace of F q n of dimension t, whenever A is a q-additive polynomial satisfying (*) with deg A = q t .
Lemma 5.1. Let A, L and M be q-additive polynomials. Suppose that A and L satisfy (*) and that L = γA(M(x)), for some γ ∈ F * q n . Then the map 
Proof. Suppose deg A = q t , and assume α = 1. By assumption, the set R(A) is an F q -vector subspace of codimension d−t in F q d . Therefore, from Corollary 2.5 of [2] , there exists a unique monic q-additive
For α = 1, we consider β ∈ F * q such that α = β
we have that β −q t A(βx) is monic and divides x q d − x. As proved above, there exists a unique monic q-additive polynomial L such that
If we take M(x) = βL(β −1 x) and γ = β q d −q t , then the result follows.
We are ready to derive the main result of this section. 
is exact, where ι is the inclusion map and φ M is defined by
with equality if and only if φ M is surjective.
Proof. Since A divides x q d − αx, Lemma 5.2 guarantees the existence of a q-additive polynomial M satisfying
for some γ ∈ F * q d . Thus, Lemma 5.1 gives us the desired exact sequence. The statement about the dimension follows from the Rank-nullity theorem and Corollary 4.9.
Let us recall that our study of the vector spaces W(A|F q n ) was motivated by Problem 1. The previous result, footnote 1 and Theorem 3.1 show that if S is any affine transformation of an F q -vector space V, then we have a positive solution to part of Problem 1: there are m. v. s. p. 's F over F q n such that V F = S. Moreover, these results provide the lower bound q d2 n/d −d+t for the number of such polynomials, where d > 0 is an integer depending on the monic q-additive polynomial A of degree t > 2 such that V = R(A). In many cases this lower bound can be attained if, in Theorem 5.3, we choose the unique multiple of A of the form x q d − αx satisfying (*) and with minimal degree. When A itself is of the form x q d − αx, this is a consequence of Corollary 4.9. The next result shows that it also holds if dim Fq V ≥ n/2. 
Proof. Let G ∈ W(A|F q n ). From (11) and deg A ≥ q n/2 , it follows that deg G ≤
First assume that deg G = q n/2 + 1 for some G ∈ W(A|F q n ). Theorem 2.3 implies that there exist α, β, γ ∈ F q n such that G = α(x + β) q n/2 +1 + γ. Since R(A) = V G = αF q n/2 + γ is a vector space, we can conclude that γ = 0 and A = x q n/2 − α q n/2 −1 x. As observed above, for q-additive polynomials of this form the result is a consequence of Proposition 4.9. Now suppose that deg G < q n/2 + 1 for all G ∈ W(A|F q n ). The fact that W(x q n/2 − αx|F q n ) is F q -isomorphic to W(x q n/2 − x|F q n ) and Theorem 4.7 imply that A is not of the form x q n/2 − αx. Therefore x q n − x is the multiple of A of such form and with minimal degree. Theorem 5.3 guarantees the existence of a q-linear polynomial M and an exact sequence
We would like to show that the map φ M (F ) := M(F ) is surjective. Since W(x q n − x|F q n ) = {αx + β : α, β ∈ F q n }, it follows that φ M is surjective if G ∈ W(A|F q n ) implies that G(x) = M(αx + β) for some α, β ∈ F q n . This last assertion follows from Lemma 2.5.
Some Examples
As described in the introduction, the authors of [1] identified two classes of m. v. s. p. 's over F q n . Let G be one of the following polynomials over F q n :
• a polynomial satisfying 0 < deg G ≤ q n − 1 q − 1 and V G ⊂ F q ; or
• a q-additive polynomial that splits over F q n .
If v is a positive divisor of q − 1, α ∈ F * q and β, γ ∈ F q , then αG(
At the end of [5] , the author says that "it seems unlikely that there are any more" m. v. s. p. 's other than the ones above. In this section we show how the previous results can be used to construct many examples of m. v. s. p. 's; some of which are not of the form given above.
(1) Obtaining the elements of W(x q − x|F q n ) for n = 3.
Let us consider the action of Gal(F q 3 |F q ) on the set of 3-uples (a 0 , a 1 , a 2 ) ∈ {0, 1} 3 via cyclic permutation. The orbits of this action are given by • O q 2 +q+1 := {(1, 1, 1)}.
As discussed in Section 4.1, if we identify a 3-uple (a 0 , a 1 , a 2 ) with the q-ary expansion of a number a 2 q 2 +a 1 q +a 0 , then to each of these orbits we associate the following F q -vector spaces
• V 1 := {αx + (αx) q + (αx) q 2 : α ∈ F q 3 },
• V q+1 := {αx q+1 + α q x q 2 +q + α q 2 x q 2 +1 : α ∈ F q 3 },
• V q 2 +q+1 := {αx q 2 +q+1 : α ∈ F q }.
Theorem 4.8 implies that every element of W(x q −x|F q 3 ) can be uniquely written as a sum of elements in distinct V i 's. Notice that the sum of the F q -dimensions of the V i 's is given by 1 + 3 + 3 + 1 = 2 3 and is equal to the dimension of W(x q − x|F q 3 ).
(2) Constructing elements in W(A|F q 6 ) for A = x q 2 + x q + x.
Observe that A = x q 2 + x q + x is a q-additive polynomial dividing x q 3 − x. By Theorem 5.3, we can find a q-additive polynomial M satisfying A(M(x)) = x q 3 − x, namely M = x q − x. This polynomial defines a linear map
given by φ M (F ) = M(F ). In other words,
for all F ∈ W(x q 3 − x|F q 6 ). Following the strategy of the previous example, we can show that W(x q 3 − x|F q 6 ) = F q 3 ⊕ {αx + (αx) q 3 |α ∈ F q 6 } ⊕ {αx 1+q 3 |α ∈ F q 3 }.
In particular, dim Fq W(x q 3 − x|F q 6 ) = 12, and W(x q 3 − x|F q 6 ) = q 12 .
Since ker φ A = F q , we have that W(x q 2 + x q + x|F q 6 ) ≥ q 11 .
(3) An m. v. s. p. different from the ones considered in [1, 5] .
Take G = x q 4 +q − x q 3 +1 . Notice that G = M(x q 3 +1 ) is an element of W(x q 2 + x q + x|F q 6 ). In particular, G is an m. v. s. p. with V G ⊂ F q 3 and deg G > (q 6 − 1)/(q 3 − 1). Also it is not hard to see that for any q-additive polynomial L, G is neither a power of L nor of the form α − deg L L(αx) + β, for some α, β ∈ F * q 6 . 2 + x|F q 6 ) ≥ (q 11 − 1)/2.
It is worth mentioning that a computer check for q ≤ 7 and q = 2 n for n ≤ 11 shows that the lower bound obtained in example (2) is in fact the actual number of m. v. s. p. 's in the corresponding set W(A|F q 6 ).
